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Methods of Proof
Natural Deduction Using Logical Equivalences

     The Rules of Inference, having given a system of Natural Deduction a skeletal framework, are amended by a set of logical equivalences, an addition that gains procedural flexibility and encompasses a considerably greater number of possible arguments. These equivalences have an important characteristic in common with the Rules of Inference, but are also different in several significant respects. The important feature that they have in common is that they may be organized according to their function. As the Rules of Inference were functionally categorized according to their combining or separating propositions associated with specific truth-functional connectives, the logical equivalences that combine under the heading of The Rule of Replacement may be functionally categorized according to their changing the connective; quality; or position of propositions, changes that occur alone and/or in varied combinations, and, according to a new principle, that of expansion and contraction.
Changing Connectives

The fact that truth-functional connectives may be exchanged for one another means that they are inter-definitional, thus meaning truth-functional propositions can be exchanged for one another. Importantly, this possibility may be expressed as the series:

v
Which, when expressed in terms of its equivalent replacements, appears as:

Impl. v De M.
Thus, p q may be replaced by ~ p v q, which in turn may be replaced by ~ (p ( ~ q). This series expresses itself in the reverse as well, so that:

~ (p ( ~ q)  (~ p v q)  (p  q)
Changing Quality

As may be seen with regard to the changes of connective above, there is an associated change of quality. Thus, and note well, that when using DeMorgan’s Theorem the quality of the compound and both components of the compound changes, while when using Material Implication only the quality of the left component of the compound changes.
Changing Position

As a consideration of connective changes led to an examination of quality changes, considering quality changes introduces yet a third significant functional characteristic of logical equivalence, changes of position. For example, the quality of both components of conditional propositions changes in association with the exchange of those components' relative position.  Thus, for Transposition the left component's quality changes as it is repositioned to the right, and the right component's quality changes as it is repositioned to the left: (p q)  (~ q  ~ p).
    But position changes are at their most fundamental level with Commutation and Association. Commutation, perhaps the purest exchange of position, involves simple propositions: For either a conjunction or a disjunction, the left component moves to the right and the right component moves to the left: (p v q) (q v p). Association entails a different level of exchange in relating simple to compound propositions: For either a pair of conjunctions or disjunctions, a simple component to the left of a compound becomes the left component of a compound to the left of a simple, and, the right component of a compound to the right of a simple becomes the simple component to the right of a compound: [p v (q v r)]  [(p v q) v r].

Similar to Association, Exportation exchanges the position of a simple and a compound: [(p ( q)  r]  [p  (q  r)]. Yet especially important is how their exchange of compound is also one between antecedent and consequent, where the middle term, “q,” occupies either one or the other in accordance with a corresponding connective change. It is this crossing of the “” by “q” that gives Exportation a role to play in justifying the introduction of the powerful Rule of Conditional Proof that will be introduced later.

Thus, consider the following table which gathers together the equivalences that express these sorts of changes.
	Connective & Quality
	Quality & Position
	Position
	Position & Connective

	De Morgan’s Theorem
	Transposition
	Commutation
	Exportation

	Material Implication
	
	Association
	


Expansion and Contraction

As the function of the first nine Rules of Inference was associated with the dualistic principle of Separation and Combination, several equivalences encompassed by The Rule of Replacement may be associated with a similar principle, that of Expansion and Contraction. This has already become familiar in part, given the use of Absorption as a Rule of Inference, actually an expansion rule in that context since the antecedent of a conditional proposition is replicated and conjoined together with its original consequent:
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Yet knowing that the premise and conclusion of Absorption are logically equivalent, what was originally introduced as an argument form may now be properly placed among the equivalences comprising The Rule of Replacement. Doing so reveals its more complete function, as an equivalence that expands or contracts a conditional proposition:
(p ( q) ( [p ( (p ( q)]


Considering the new principle more generally, it may be noticed how, as with the principle of Separation and Combination, the principle of Expansion and Contraction is an analytic tool for determining a strategic approach to formal proof. For example, if we were to approach the argument:
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…With a view to the conclusion, as was first suggested when being introduced to the First Nine Rules of Inference and Natural Deduction, we would see the conclusion, “(A,” is also the consequent of a conditional proposition, the argument’s sole premise. If the rules of inference were all we had at our disposal, we would next look for a second premise, “A,” in order to use Modus Ponens and complete the demonstration of the argument’s validity. And under such a restriction “A’s” not being present would bring our analysis to a close. Still, what has occurred imaginatively is of considerable interest in that an examination of what at first glance appeared an easily proven argument uncovers a discernable boundary for The Rules of Inference, and, the need to have something more in the way of tools to bring to bear upon arguments.

So, approaching the argument again, this time having not only The Rules of Inference but The Rule of Replacement, our imagined analysis can now be amended in fact. Once the Separation/Combination function of The Rules of Inference is seen to be inadequate, the Expansion/Contraction function of The Rule of Replacement may be considered. And doing so brings to mind Tautology, the only equivalence able to reduce a compound proposition to a pure simple. Keeping this in mind while looking at the premise of our argument, we realize that it is possible to prepare for Tautology’s usage by changing that premise’s connective, that is, by replacing our premise using Material Implication.

1. A ( ( A     /( ( A

2. ( A v ( A     1, Impl.
And thus prepared, the proof may be completed:
3. ( A     2, Taut.


The technique of analyzing a conclusion in relation to the premises of an argument, then, should not be abandoned, thinking it limited to the use of The Rules of Inference. Instead, it may be embraced as even more useful – where the powerful new principle of Expansion and Contraction is added to the tools employed in such an analysis – a technique that gathers together specific equivalences of The Rule of Replacement even while encompassing it as a whole.
     Two more equivalences, Distribution and Material Equivalence, each have their specific relation to this new dualistic principle. They are more complicated than Tautology, but as you can see with Association above, it is in the words that complexity becomes a barrier to understanding, unless it is through the use of words in your own mind that you begin to ponder the nature of that which is so expressed and be motivated to practice. For it is between seeing and thinking, between thinking and moving one's pencil upon the page, where their understanding is made complete.
	Expansion/Contraction Equivalences

	Absorption

	Distribution

	Material Equivalence

	Tautology


The Special Case of Double Negation

Double Negation has been set apart as a special case in that it is primarily a formal rule used to account for discrepancies of quality. But it should also be understood as significant to the system of formal logic being explored in 1) Disclosing a symbolic or physical representation of affirmation, and 2) Displaying how affirmation can be expressed negatively or, negation is able to express affirmation.

Finally, it must not be ignored that it is the most abused of the equivalences, rivaling Simplification as the rule of choice used to create anything one wishes to complete a proof. The most common manipulation is the following:

1. ( ( ( p ( q)
2. p ( q     1, D.N. (Error!!!)
Even though the parentheses indicate the scope of the negation on the left as the compound “( p ( q” and the scope of the negation on the right as “p,” this is ignored for the sake of some future simplification, a step barred by the proper reading of the punctuation. So, beware. Do not fall into the trap that has lured so many before you! 

